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Abstract
Let M be a closed even n-manifold of positive sectional curvature. The main result asserts that the Euler characteristic of M
is positive, if M admits an isometric Zkp-action with prime p  p(n) (a constant depending only on n) and k satisfies any one of
the following conditions: (i) k  n−48 and n = 12, 18 or 20; (ii) k  n−210 , and n ≡ 0 mod 4 with n = 12 or 20; (iii) k  n+412 , and
n ≡ 0,4 or 12 mod 20 with n = 20. This generalizes some results in [T. Püttmann, C. Searle, The Hopf conjecture for manifolds with
low cohomogeneity or high symmetry rank, Proc. Amer. Math. Soc. 130 (2002) 163–166; X. Rong, Positively curved manifolds
with almost maximal symmetry rank, Geom. Dedicata 59 (2002) 157–182; X. Rong, X. Su, The Hopf conjecture for positively
curved manifolds with abelian group actions, Comm. Cont. Math. 7 (2005) 121–136].
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0. Introduction
Let M be a closed even n-manifold of positive sectional curvature. The well-known Hopf conjecture asserts that
the Euler characteristic of M is positive, χ(M) > 0 [1,13]. The Hope conjecture is known for n 4 (e.g. the Synge
theorem), and is widely open for n 6.
Recently, the Hope conjecture was verified in [7–9] for positively curved manifolds with certain abelian symmetry.
For a motivation and background of this study, we refer to the above references. The known results are: χ(M) > 0
if M , a closed even n-manifold of positive sectional curvature, admits an effective isometric
(0.1) torus T k-action with k  n−24 [7,8]; or
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(0.3) Zkp-action with k  n8 and prime p  p(n), a constant depending only on n [9].
The rough idea of the proofs under conditions (0.2) and (0.3) is: one first shows that the T k- or Zkp-fixed point set is
not empty (by Berger’s theorem or Lemma 1.1 below respectively), afterwards one proves that the Euler characteristic
of every fixed point component is positive (note that the characteristic of M is equal to that of the fixed point set. See
Lemma 1.1 and Remark 1.2).
In this paper, following the idea above we extend above results to:
Theorem A. Let M be a closed even n-manifold of positive sectional curvature which admits an effective isometric
Zkp-action with p prime. Then there is a constant p(n) depending only on n such that p  p(n) implies that: every
Zkp-fixed point component has a positive Euler characteristic and thus χ(M) > 0 under any one of the following
conditions:
(A1) k  n−48 and n = 12, 18 or 20;
(A2) k  n−210 , and n ≡ 0 mod 4 with n = 12 or 20;
(A3) k  n+412 , and n ≡ 0,4 or 12 mod 20 with n = 20.
Note that ‘k  n−48 ’ in (A1) coincides with ‘k  n8 ’ in (0.3) if n ≡ 0 or 6 mod 8.
The main tools used in the proof of Theorem A are basically same as those used in [9]. The new ingredients are a
sharpened connectedness theorem in [3] (Theorem 1.6 below), and the additional information in special dimensions
(e.g., n ≡ 0 mod 4. See Lemma 3.6).
The paper is organized as follows. In Section 1, we give some preparations to prove Theorem A. In Sections 2, 3
and 4, we prove Theorem A under conditions (A1), (A2) and (A3) respectively.
1. Preliminaries
The Synge theorem [11] asserts that a closed even n-manifold M of positive sectional curvature is simply connected
or not orientable. If M is not orientable (i.e., not simply connected), then according to [2, p. 67], any effective group
G-action on M can be lifted to a G-action on the orientable double covering of M , which is simply connected. On
the other hand, χ(X) = qχ(X/Zq) if X admits a free Zq -action with q prime [2, p. 145]. Therefore when proving
Theorem A, we can assume that M is simply connected (so that we can apply Lemma 1.1).
Lemma 1.1. Let Mn be a closed simply connected even n-manifold of positive sectional curvature which admits an
isometric Zlp-action with p prime. Then there is a constant p(n) depending only on n such that p  p(n) implies that:
the Zlp-fixed point set F(Zlp,M) = ∅ [4], and χ(M) = χ(F (Zlp,M)) [9].
The main result in [5] asserts that any closed n-manifold X with non-negative sectional curvature satisfies∑n
i=0 bi(X;)  c(n) for any coefficient field , where bi(X;) = rank(Hi(X;)) and c(n) is a constant depend-
ing only on n. The constant p(n) in Lemma 1.1 and Theorem A is equal to 2c(n), and in the following, p(n) always
denotes the constant 2c(n).
Remark 1.2. Recall that χ(X;R) =∑ni=0(−1)ibi(X;R) for any n-manifold X, which does not depend on R if R is
some principal ideal domain (p. 132 of [6]). Another fact is that if a torus T l acts on X, then χ(X) = χ(F (T l,X))
[2, p. 163]; and if we replace T l by Zlq with q prime, we can only get χ(X) ≡ χ(F (Zlq ,X)) mod q ([2, p. 145], cf.
Lemma 1.1).
In Lemma 1.1, Zlp preserves the orientation of M (note that we can assume that p(n) > 2), so F(Zlp,M) (which is
totally geodesic) is of even codimension.
In view of the discussion above, in order to prove Theorem A it suffices to show that the Euler characteristic of
every Zkp-fixed point component is positive.
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Fact 1.3. Let F be any Zkp-fixed point component. From the isotropy representation of Zkp on the normal space of F ,
one can find a sequence of totally geodesic embedded submanifolds (cf. [9])
(1.3.1) F = N0 ⊂ N1 ⊂ N2 ⊂ · · · ⊂ Nk−1 ⊂ Nk = M
such that the effective part of Zkp|Ni is a Zip-group, and that Ni is fixed by a Zp-subgroup in Ni+1, and that di+1 =
dim(Ni+1)−dim(Ni) di . Note that Ni is fixed by a subgroup Z2p in Ni+2 for i = 0, . . . , k−2, and there is a subgroup
Zp ⊂ Z2p with fixed point component N ′i+1 such that Ni ⊆ Ni+1 ∩ N ′i+1. Furthermore, Ni is of even dimension, and
we can assume that dim(F ) 6.
Fact 1.3 enables us to apply successfully the following connectedness theorem of B. Wilking.
Theorem 1.4. (See [12].) Let Nn be a closed n-manifold of positive sectional curvature.
(1.4.1) Suppose Ll ⊂ Nn is a compact totally geodesic embedded submanifold of dimension l. Then the inclusion
map Ll ↪→ Nn is (2l − n + 1)-connected.
(1.4.2) If L (in (1.4.1)) is fixed pointwisely by an isometric Lie group G action on N , then the above inclusion map is
(2l − n + 1 + δ(G))-connected, where δ(G) is the dimension of the principal orbit.
(1.4.3) Suppose Nn11 ,Nn22 ⊂ Nn are two compact totally geodesic embedded submanifolds with n1  n2 and n1 +
n2  n. Then the intersection N1 ∩ N2 is totally geodesic and the inclusion N1 ∩ N2 ↪→ N2 is (n1 + n2 − n)-
connected.
Recall that the inclusion map L ↪→ N is called i-connected, if the homotopy groups πj (N,L) ∼= 0 for 0 j  i.
As a result, Hj(N,L;Z) ∼= 0 for 0 j  i (the Hurewicz theorem). Together with the Poincaré duality, Theorem 1.4
is used to determine the homology groups of N (see Lemma 3.3 below). For example:
Corollary 1.5. (See [12].) Let Nn and Ll be the manifolds in Theorem 1.4. If N is simply connected and l = n − 2,
then Hi(N;Z) ∼= 0 with i odd and i  n − 1 (and Hi(L;Z) ∼= 0 with i odd and i  l − 1).
Next we give a sharpened connectedness theorem. It is not required in [9], but will be critical to the present paper
(see the proof of (1.7.2), and Remark 3.4).
Theorem 1.6. (See [10], cf. [3].) Let Nn be a closed n-manifold of positive sectional curvature, and let Nn11 and Nn22
be two compact totally geodesic embedded submanifolds. If n1 + n2  n + 1, then N1 ∩ N2 is connected.
Now we consider the sequence (1.3.1) again. When n is fixed, a lower bound of k implies an upper bound of di in
the sequence (1.3.1). The upper bound of di supplies us useful information, for example:
Lemma 1.7. Consider the sequence (1.3.1) in which M is the manifold in Theorem A. Then
(1.7.1) If d1 = 2, then χ(F ) > 0.
(1.7.2) If d2  10, then either χ(F ) > 0 or F = N1 ∩ N ′1, where N ′1 is in Fact 1.3.
Note that we can only get that F ⊆ N1 ∩ N ′1 if there is no upper bound on d2 (see Fact 1.3).
Proof of Lemma 1.7. (1.7.1) Let π : N˜1 → N1 be the universal covering map, which is a double covering or an
identity map, so χ(π−1(F )) = 2χ(F ) or χ(F ) (see the first paragraph in Section 1). In any case, we can conclude
that χ(F ) > 0 by Corollary 1.5.
(1.7.2) We can assume that 4  d1  10 by (1.7.1) (note that d1  d2. See Fact 1.3), and we can assume that
dim(N1) dim(N2) by Theorem 1.6. Then dim(N1) = 10 and dim(N2) = 20 (note that we can assume dim(F ) 6),2
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in N2; see Fact 1.3). In this case, we can also get that F = N1 ∩ N ′1 by Theorem 1.6. 
Due to (1.7.2), F ↪→ N1 has higher connectedness by (1.4.3) than by (1.4.1) (e.g. Remark 3.4 below). Now we
give Lemma 1.8, and (1.8.2) will play a crucial role in the proof of Theorem A under conditions (A2) and (A3).
Lemma 1.8. Let Nn be a closed Riemannian n-manifold which admits an isomeric Z2q -action with prime q > 2.
Suppose F is a Z2q -fixed point component.
(1.8.1) Let Nn−k11 and Nn−k22 be two Zq -fixed point components containing F . If codim(F ) < k1 + k2, then there is
another Zq -fixed point component N3 containing F with dim(N3) dim(F ) + k1 + k2 − codim(F ).
(1.8.2) If n ≡ 0 mod 4 and every Zq -fixed point component containing F is of dimension ≡ 2 mod 4, then dim(F ) ≡
0 mod 4.
Proof. Since q > 2, F has even codimension. Denote the normal space of F by R2h. Then Z2q can act on R2h as a
subgroup of SO(2h). Hence (1.8.1) and (1.8.2) can be derived from the following algebra fact easily: If Z2q ⊂ SO(2h)
acts on R2h\{0} with no fixed point, then there is an equality (cf. [2, p. 164])
2h = the sum of dimensions of all Zq -fixed point components. 
Remark 1.9. Recall that N1 and N2 are transversal, denoted by N1 N2, if codim(F ) = k1 + k2. On the other hand,
if N has positive sectional curvature, and if dim(F ) is even and dim(N3) = dim(F ) + 2, then χ(F ) > 0 by (1.7.1).
2. Proof of Theorem A under condition (A1)
Lemma 2.1. In the sequence (1.3.1), χ(F ) > 0 if one of the following holds:
(2.1.1) d1  6 and d2  6;
(2.1.2) k  3 and d1 = 4, d2 = 8 or 10, and d3  14.
Before the proof of Lemma 2.1, we give two lemmas used to conclude that χ(F ) > 0. The proof of Lemma 2.2
mainly uses Lemma 3.3 below and the Poincaré duality.
Lemma 2.2. (See [9].) Let Nn be a closed simply connected even n-manifold, and let L be a compact embedded
submanifold of dimension n − 4 or n − 6. If χ(N) χ(L), and the inclusion L ↪→ N is (n − 6)-connected, then we
have χ(L) > 0.
Remark 2.3. When we apply Lemma 2.2 (and Lemma 3.2) on F ⊂ N1 to get ‘χ(F ) > 0’ (see the proofs of Lem-
mas 2.4, 3.5 and (4.2.1)), N1 may not be simply connected. However we can assume that N1 is simply connected (see
the proof of (1.7.1) and the first paragraph in Section 1) because ‘F ↪→ N1 is (dim(N1) − 6)-connected’ implies that
π−1(F ) ↪→ N˜1 is (dim(N1) − 6)-connected, where π : N˜1 → N1 is the universal covering map.
Lemma 2.4. Let Nn be a closed even n-manifold of positive sectional curvature which admits an isomeric Z2q -action
with prime q > 2, and let F be a Z2q -fixed point component. If a Zq -fixed point component N1 containing F is of
codimension  6, then χ(F ) > 0.
Proof. Since q > 2, F and N1 have even codimension. From the isotropy representation of Z2q on the normal space of
F , we can find another Zq -fixed point component N2 of even codimension containing F . Since N1 is of codimension
 6, we can assume that N1  N2 by (1.8.1) and Remark 1.9, and that F = N1 ∩ N2 by Theorem 1.6. By (1.4.3),
F ↪→ N1 (or F ↪→ N2 if dim(N1) > dim(N2)) is dim(F )-connected. Note that we can assume that N1 is simply
connected (see Remark 2.3). Then χ(N1) χ(F ) by Lemma 1.1 because the fixed point set of Z2q |N2 out of F in N2
has dimension 4 (by (1.4.3)). Therefore we can conclude that χ(F ) > 0 by Lemma 2.2. 
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(2.1.2): Consider the sequence (1.3.1) (see Fact 1.3).
If d1 = 4 and d2 = 8, we can obtain that N1 N ′1, or that dim(N2) − dim(N ′1) = 8 by (1.8.1) and Remark 1.9 (see
Fact 1.3 for N ′1). For the former case, we conclude that χ(F ) > 0 by Lemma 2.4. For the latter case, let N1 and N ′1 be
fixed by α and β ∈ Z2p in N2 respectively. Note that we can find α′ and β ′ in Z3p such that α′|N2 = α and β ′|N2 = β ,
and that α′ and β ′ fix N ′2 and N ′′2 in N3 respectively with Z3p|N ′′i ∼= Z2p . Since d3  14, we can assume that N2 N ′2
and N2  N ′′2 by (1.8.1). Otherwise we can find another sequence in N3 containing F with d1 = 4 and d2  6 and
thus χ(F ) > 0. Hence, dim(N ′2) = dim(N ′′2 ) = dim(N3) − 8 and dim(N ′2 ∩ N ′′2 ) = dim(N ′2) − 4. Note that N ′2 ∩ N ′′2
containing F is a Zp-fixed point component in N ′2, then χ(F ) > 0 by Lemma 2.4.
If d1 = 4 and d2 = 10, similarly we can assume that N1 N ′1 or dim(N2)− dim(N ′1) = 8 or 10. Moreover N2 N ′2
and N2  N ′′2 , otherwise we can find another sequence in N3 containing F with d1  6 and d2  6. Then the rest of
the proof is an imitation of the above. 
In the following, we will prove Theorem A under condition (A1).
Proof of Theorem A under condition (A1). When n  10 or n = 14, 16, ‘k  n−48 ’ coincides with ‘k  n8 ’, then
we may assume n  22 by (0.3). Note that we can assume that M is simply connected (see the first paragraph in
Section 1). Because χ(M) = χ(F (Zkp,M)) (see Lemma 1.1), it suffices to show that χ(F ) > 0 for any Zkp-fixed point
component F .
Consider the corresponding sequence (1.3.1). Note that ‘k  n−48 ’ implies that d1  6, otherwise n 8k + 6 > n.
By (1.7.1), we can assume that d1 = 4 or 6.
If d1 = 4, ‘n 22 and k  n−48 ’ implies that d2  8, and in turn ‘d2 = 8’ implies that 8 d3  10. Then χ(F ) > 0
by Lemma 2.1.
If d1 = 6, then ‘k  n−48 ’ implies that 6 d2  8. By (2.1.1) or Lemma 2.5 below, we can conclude that χ(F ) > 0
for d2 = 6 or 8 respectively. 
Lemma 2.5. In the sequence (1.3.1), if d1 = 6 and d2 = 8 or 10, then χ(F ) > 0 or we can find another sequence with
d1 = 4.
Proof. Let N ′1 be another Zp-fixed point component in N2 (see Fact 1.3). Using (1.8.1) and Remark 1.9, we can
get N1  N ′1, or we can find another Zp-fixed point component N ′′1 containing F such that dim(N ′′1 ) = dim(F ) + 4.
For the former case, we can conclude that χ(F ) > 0 by Lemma 2.4 because d1 = 6. The latter case implies another
sequence with d1 = 4. 
Remark 2.6. In Theorem A, if n = 18 or 20, and if (dim(F ), d1, d2) = (6,4,8 or 10), we cannot get χ(F ) > 0 (note
that k = 2, compare to Lemma 2.1). However, replacing ‘Zkp-action’ by ‘T k-action’ in the sequence (1.3.1) (see (0.2)),
we can view F being fixed in N1 by a T 1-subgroup (cf. [9]). Then by (1.4.2), the inclusion F ↪→ N1 is (dim(N1)−6)-
connected (but in this paper, F ↪→ N1 is (dim(N1) − 7)-connected by (1.4.1)). By (1.4.3), the T 1-subgroup has fixed
point components of dimension  2 out of F in N1, then χ(F ) > 0 by Lemma 2.2 and Remark 1.2.
3. Proof of Theorem A under condition (A2)
Lemma 3.1. In the sequence (1.3.1), if d1  6 and k  n+412 , then χ(F ) > 0.
Proof. Note that we can assume that dim(F ) 6, and that d1  4 by (1.7.1). If d1 = 4, then ‘k  n+412 ’ implies that
d2  10, and in turn that d2 = 8 or 10 implies that d3  14 or d3  12 respectively (e.g. (n,dim(F ), d1, d2, d3) =
(32,6,4,8,14) or (32, 6, 4, 10, 12)). Thus we can conclude that χ(F ) > 0 by Lemma 2.1.
If d1 = 6, then d2  10. Then χ(F ) > 0 by Lemmas 2.5 and 2.1. 
If d1 = 8, we need a partial extension of Lemma 2.2.
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with χ(N)  χ(L). If l = n − k with k = 8 or 10, and if the inclusion L ↪→ N is l-connected, then χ(L) > 0 for
n ≡ 0,2,4 mod k.
The proof of Lemma 3.2 mainly uses the following lemma.
Lemma 3.3. (See [12].) Let Nn be a closed orientable manifold, and let Ln−k be a compact embedded orientable
submanifold. Suppose the inclusion L ↪→ N is (n−k− l)-connected and n−k−2l > 0. Let [L] ∈ Hn−k(N;Z) be the
image of the fundamental class of L in H∗(N;Z), and let e ∈ Hk(N;Z) be its Poincaré dual. Then the homomorphism
∪e : Hi(N;Z) → Hi+k(N;Z)
is surjective for l  i < n − k − l and injective for l < i  n − k − l.
For the sake of simple notions, in the following we will always use Hi(X) or Hi(X) to denote a homology or
cohomology group with Z-coefficients respectively.
Proof of Lemma 3.2. Because the proofs for k = 8 and k = 10 are similar, we will only present a proof for k = 8.
Since the inclusion L ↪→ N is (n − 8)-connected, bi(L) = bi(N) for i  n − 9 and 1 = bn−8(L) bn−8(N) (see
the comment after Theorem 1.4). By the Poincaré duality, we have b8(N) 1.
We first assume that n = 8m, and will show that
χ(L) = 2 − b8(N) + (m − 1)
[
χ(N) − χ(L)].
Thus χ(L) 1 since b8(N) 1. By Lemma 3.3, we have that bi(N) = bi+8j (N) for i = 1, . . . ,7 and j = 1, . . . ,m−
1, and for i = 8 and j = 1, . . . ,m − 2. Since bi(L) = bi(N) for i  n − 9, by the Poincaré duality χ(N) − χ(L) =∑8
i=1(−1)ibi(N). Then χ(L) = b0(L)+bn−8(L)+ (m−1)[χ(N)−χ(L)]−b8(N) = 2−b8(N)+ (m−1)[χ(N)−
χ(L)].
When n = 8m+ 2 and 8m+ 4, we can conclude that χ(L) > 0 by similar argument. However, we can only obtain
that χ(L) 0 for n = 8m + 6. (For more details, compare to [9].) 
Remark 3.4. We give an example satisfying ‘L ↪→ N is dim(L)-connected’ in Lemma 3.2. Assume that d1 = 8 and
d2 = 8 or 10 in the sequence (1.3.1). By (1.7.2), we can assume that F = N1 ∩ N ′1, and by (1.8.1) (together with
(1.7.1) and Lemma 3.1), we can assume that N1 N ′1. Then by (1.4.3), F ↪→ N1 is dim(F )-connected.
Lemma 3.5. Assume that any Zkp-fixed point component of dimension 6 has positive Euler characteristic in Theo-
rem A. If k  n+412 , and if d1 = 8 and dim(F ) ≡ 6 mod 8 in the sequence (1.3.1), then χ(F ) > 0.
Proof. Note that we can assume that dim(F )  8. Since d1 = 8, ‘k  n+412 ’ implies that d2  10. By Remark 3.4,
F ↪→ N1 is dim(F )-connected. Note that we can assume that N1 is simply connected (see Remark 2.3). Then χ(N1)
χ(F ) by Lemma 1.1 because other Zp-fixed point components out of F in N1 have dimension  6 (these Zp-
fixed point components in N1 are Zkp-fixed point components in M). Therefore we can conclude that χ(F ) > 0 by
Lemma 3.2. 
Next we give the proof of Theorem A under condition (A2).
Proof of Theorem A under condition (A2). When n = 8,16,24 and 28, ‘k  n−210 ’ coincides with ‘k  n−48 ’. Thus
we may assume n 32 by (A1). Furthermore, note that ‘k  n−210 ’ implies ‘k  n+412 ’ if n 24. Similar to the proof
under condition (A1), let F be any Zkp-fixed point component, and it is sufficient to show that χ(F ) > 0.
Since we can assume that dim(F ) 6, ‘k  n−210 ’ implies that d1  8 in the sequence (1.3.1), and in turn that d1 = 8
implies that d2 = 8. By Lemma 3.1, we can assume that d1 = 8. Then we conclude that χ(F ) > 0 by Lemmas 3.5 or
3.6 for dim(F ) ≡ 6 mod 8 or dim(F ) ≡ 6 mod 8 respectively. 
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then χ(F ) > 0.
Proof. Note that ‘n ≡ 0 mod 4, dim(F ) ≡ 6 mod 8 and d1 = d2 = 8’ implies that k  3, and thus n  32 because
d3  d2.
If n = 32, then dim(F ) = 6, d1 = d2 = 8 and d3 = 10. As the proof of (2.1.2), we can get two Zp-fixed point
components N and N ′ of dimension 24 such that N N ′. Note that we can assume that M is simply connected (see
the first paragraph in Section 1), so N is also simply connected because N ↪→ M is 17-connected by (1.4.1). On the
other hand, N ∩ N ′ ↪→ N is 16-connected by (1.4.3), and thus Hi(N) ∼= Hi+8(N) for 1 i  15 (by Lemma 3.3).
Then by the Poincaré dualities of M and N (note that N ↪→ M is 17-connected),
(3.6.1) Hi(M) ∼= Hi+8(M) for 1 i  23.
Similar to Remark 3.4, Ni ↪→ Ni+1 is dim(Ni)-connected for i = 0,1, and N2 ↪→ M is 13-connected (by (1.4.1)).
Thus H 1(F ) ∼= H 1(M) ∼= 0 and H 5(F ) ∼= H 5(M) ∼= 0. Then by (3.6.1), 0 ∼= H 5(M) ∼= H 29(M) ∼= H3(M) ∼= H3(F ),
and thus χ(F ) > 0.
Next we assume that n 36.
Consider the sequence (1.3.1). Since n ≡ 0 mod 4, we can assume that dim(Nk−1) n− 10 by Lemma 3.7 below.
Note that we can apply inductive assumption on Nk−1 to get χ(F ) > 0 if dim(Nk−1) ≡ 0 mod 4. Then we assume
that dim(Nk−1) ≡ 2 mod 4, and consider Nk−2.
Assume that dim(Nk−2) ≡ 0 mod 4. If dk−1 + dk  24, then we conclude that χ(F ) > 0 by inductive assumption
on Nk−2. If dk−1 + dk  20, then dk−1 = dk = 10 (because di  di−1 in the sequence (1.3.1)), and thus di = 8 or 10
for 3 i  k − 2. As Remark 3.4, we can assume that Ni−1 = Ni ∩ N ′i and Ni N ′i for 1 i  k − 1 (see Fact 1.3
for N ′i ). Then as the proof of (2.1.2), we can find a Zp-fixed point component N of codimension 8 in M . Therefore
χ(F ) > 0 by (3.7.2).
If dim(Nk−2) ≡ 2 mod 4, then by (1.8.2) we can find a Zp-fixed point component N containing Nk−2 with
dim(N) ≡ 0 mod 4. By (3.7.2), we can assume that dim(N) n − 12. Note that we can find a sequence as (1.3.1) in
N such that d1 = d2 = 8, or that d1  6 (because N1,N2 ⊂ N , where N1,N2 belong to the sequence (1.3.1)). Then
we can apply inductive assumption or Lemma 3.1 on N to conclude that χ(F ) > 0. 
We point out that ‘dim(F ) = 6 and di = 8 for 1 i  k’ is just the case which we cannot deal with. However, there
is no such case if n ≡ 0 mod 4.
Lemma 3.7. Consider the sequence (1.3.1) with n 36. If k  n+412 , and if dim(F ) ≡ 6 mod 8 and d1 = d2 = 8, then
each of the following conditions implies that χ(F ) > 0:
(3.7.1) There is a Zp-fixed point component N of codimension 2 or 6.
(3.7.2) n ≡ 0 mod 4 and there is a Zp-fixed point component N of codimension 4 or 8.
Proof. Since dim(F ) 6 and d1 = d2 = 8, ‘k  n+412 ’ implies that d3  10 and d4  14. Then as Remark 3.4, Ni ↪→
Ni+1 is dim(Ni)-connected for i = 0,1 and 2. Claim: N3 ↪→ M is 17-connected at least. Assuming the Claim, we
will prove that Hi(N2) ∼= 0 for i odd, then Hi(F ) ∼= 0 for i odd (because Ni ↪→ Ni+1 is dim(Ni)-connected for i = 0
and 1) and thus χ(F ) > 0.
Note that we can assume that M is simply connected (see the first paragraph in Section 1), so Ni is also simply
connected for 0 i  3. Then by Lemma 3.3 (note that N1 ↪→ N2 is dim(N1)-connected),
(3.7.3) Hi(N2) ∼= Hi+8(N2) for 1 i  dim(N2) − 9,
which implies that H 5(N2) ∼= H 13(N2) ∼= 0 (note that dim(N2) ≡ 6 mod 8) and thus H 5(M) ∼= H 13(M) ∼= 0 by the
Claim. In order to prove that Hi(N2) ∼= 0 for i odd, one only needs to show that H 3(N2) ∼= H 7(N2) ∼= 0 by (3.7.3).
(3.7.1): If dim(N) = n − 2, then Hi(M) ∼= 0 for i odd by Corollary 1.5. Then the Claim and (3.7.3) imply that
Hi(N2) ∼= 0 for i odd, and thus Hi(F ) ∼= 0 with i odd (note that Ni ↪→ Ni+1 is dim(Ni)-connected for i = 0,1 and 2).
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(note that H 5(M) ∼= 0 and H 13(M) ∼= 0). Thus by the Claim (together with (3.7.3)), H 7(N2) ∼= 0, and 0 ∼= H 11(N2) ∼=
H 3(N2).
(3.7.2): If dim(N) = n − 4, then N ↪→ M is (n − 7)-connected by (1.4.1). Then by Lemma 3.3, H 7(M) ∼=
H 11(M) ∼= Hn−5(M) ∼= 0 (note that n ≡ 0 mod 4) because H5(M) ∼= H5(N2) ∼= 0 (see the Claim and (3.7.3)). Thus
by the Claim and (3.7.3), 0 ∼= H 7(N2) ∼= H 11(N2) ∼= H 3(N2).
If dim(N) = n − 8, then N ↪→ M is (n − 15)-connected by (1.4.1). Then by Lemma 3.3, H 11(M) ∼= H 15(M) ∼=
Hn−13(M) ∼= Hn−9(M) ∼= 0 (note that n ≡ 0 mod 4) because H9(M) ∼= H13(M) ∼= 0 (see the Claim and (3.7.3)).
Thus by the Claim and (3.7.3), H 3(N2) ∼= H 7(N2) ∼= 0.
Next we will prove the Claim. Once one proves
(3.7.4) dim(Ni) dim(Ni+1)2 + 8 for 3 i  k − 1 in the sequence (1.3.1),
one can prove the Claim by (1.4.1). If 36  n  48, one can check (3.7.4) directly. Assume that n  50. We will
prove (3.7.4) for i from k − 1 to 3. If dk  10, then di  10 for i  3, and thus (3.7.4) holds. If dk  12, and if
dim(Nk−1) < n2 + 8 or 36, it is easy to check that Nk−1 satisfies (A1) and thus χ(F ) > 0 (note that Zkp|Nk−1 ∼= Zk−1p ).
Then we can assume that dim(Nk−1) n2 + 8. Using such argument, we can prove (3.7.4) one by one for i from k − 1
to 3. 
4. Proof of Theorem A under condition (A3)
We will first give two lemmas.
Lemma 4.1. Assume that any Zkp-fixed point component of dimension  8 has positive Euler characteristic in Theo-
rem A. If k  n+412 , and if d1 = 10 and dim(F ) ≡ 0,2,4 mod 10 in the sequence (1.3.1), then χ(F ) > 0.
Proof. Because the proof is similar to that of Lemma 3.5, we omit it here. 
Lemma 4.2. In the sequence (1.3.1), if k  n+412 , then χ(F ) > 0 under any one of the following conditions:
(4.2.1) n ≡ 0 mod 4, dim(F ) ≡ 6 mod 8 and d1 = 8;
(4.2.2) n ≡ 6 mod 10, and dim(F ) ≡ 6 mod 10 and d1 = 10;
(4.2.3) n ≡ 8 mod 10, and dim(F ) = 8 mod 10 and d1 = 10.
Assuming Lemma 4.2, we will prove Theorem A under condition (A3).
Proof of Theorem A under condition (A3). Note that when n = 12,24 (resp. n = 32,40), ‘k  n+412 ’ coincides with
‘k  n8 ’ (resp. ‘k  n−210 ’). Thus we may assume n 44 by (0.3) and (A1). Similar to the proof under condition (A1),
it suffices to show that χ(F ) > 0 for any Zkp-fixed point component F .
Since we can assume that dim(F )  6, ‘k  n+412 ’ implies that d1  10. By Lemma 3.1, we can assume that
d1 = 8 or 10. Then we conclude that χ(F ) > 0 by Lemma 3.5 and (4.2.1), or by (4.2.2), (4.2.3) and Lemma 4.1
respectively. 
In the rest, we only need to prove Lemma 4.2.
Proof of Lemma 4.2. Since we can assume that dim(F ) 6, ‘k  n+412 and d1 = 8’ implies that d2 = 8 or 10, and in
turn ‘d2 = 10’ implies that d3 = d4 = 10. Similarly, ‘k  n+412 and d1 = 10’ implies that d2 = d3 = d4 = d5 = 10.
Proof under (4.2.1):
By Lemma 3.6, we can assume that d2 = 10, so d3 = d4 = 10 by the above.
As Remark 3.4, Ni−1 ↪→ Ni is dim(Ni−1)-connected for 1  i  3. Note that we can assume that N3 is simply
connected (see Remark 2.3). Then by Lemma 3.3,
X. Su, Y. Wang / Differential Geometry and its Applications 26 (2008) 313–322 321(4.2.4) Hi(N3) ∼= Hi+10(N3) for 1 i  dim(N3) − 11.
As the proof of (2.1.2), we can get another sequence F ⊂ N¯1 ⊂ N¯2 ⊂ N3 ⊂ N4 with d1 = d2 = d4 = 10 and d3 = 8.
As Remark 3.4, we can prove that N¯2 ↪→ N3 is dim(N¯2)-connected. Similarly,
(4.2.5) Hi(N3) ∼= Hi+8(N3) for 1 i  dim(N3) − 9.
Then (4.2.4) and (4.2.5) imply that Hi(N3) ∼= 0 for i odd, so Hi(F ) ∼= 0 for i odd (because Ni−1 ↪→ Ni is dim(Ni−1)-
connected for 1 i  3) and thus χ(F ) > 0.
Proof under (4.2.2):
From the above, we have that d1 = d2 = d3 = d4 = d5 = 10. Claim: dim(Ni) 3 dim(Ni+1)4 +2 for i  4. Obviously,
the Claim is true for i = 4 (note that dim(F )  6). We argue by contradiction for i  5. Assume that j ( 5) is the
smallest integer such that dim(Nj ) <
3 dim(Nj+1)
4 +2. Then dim(Nj+1) > dim(Nj )+ dim(Nj )−83  6+10j + 6+10j−83 =
12j + 16+4j3  12(j + 1), and dj+1  12. Thus n 12k > n (see Fact 1.3); a contradiction.
As Remark 3.4, Ni−1 ↪→ Ni is dim(Ni−1)-connected for 1 i  4. Since n ≡ 6 mod 10, then the Claim implies
that ‘N3 ⊂ N4 ⊂ · · · ⊂ M’ in the sequence (1.3.1) satisfies Remark 4.4 below (note that we can assume that M is
simply connected. See the first paragraph in Section 1). Therefore Hi(N4) ∼= 0 for i odd, so Hi(F ) ∼= 0 for i odd and
thus χ(F ) > 0.
Proof under (4.2.3):
Since the proof is an imitation of that of (4.2.2), we omit it here. 
Remark 4.4, an extended version of Lemma 4.3, is used in the proof of Lemma 4.2.
Lemma 4.3. Let N be a closed simply connected even n-manifold of positive sectional curvature, and let Nn11 ⊂ Nn22
be two compact totally geodesic embedded submanifolds of even dimension  6. Assume that n2 − n1 = 10, and that
N1 ↪→ N2 is n1-connected. If 10  (n − n2) and n2  34n + 2, then Hi(N2) ∼= 0 for i odd.
Proof. Here we only give the proof for n2 ≡ 6 mod 10 and n ≡ 0 mod 10 (we omit the proofs of other cases, because
they are similar).
By (1.4.1), N2 ↪→ N is at least (n2 + 5)-connected, and thus N2 is simply connected. By Lemma 3.3 (note that
N1 ↪→ N2 is n1-connected), we have that
(4.3.1) Hi(N2) ∼= Hi+10(N2) (and Hi(N2) ∼= Hi+10(N2)) for 1 i  n2 − 11,
which (together with the Poincaré duality) implies that Hi(N2) ∼= Hi(N2) ∼= 0 for i = 10j + 1 and 10j + 5. Hence
we only need to show that Hi(N2) ∼= 0 for i = 10j + 3, 10j + 7 and 10j + 9.
Assume that n = 20l. Then ‘H10l+1(N) ∼= H10l+1(N2) ∼= 0’ implies that H10l−1(N) ∼= H10l−1(N2) ∼= 0 (note that
N2 ↪→ N is (n2 + 5)-connected), so H10j+9(N2) ∼= 0 by (4.3.1). Similarly, we can get that H 10j+9(N2) ∼= 0. Thus
by the Poincaré duality, H 10j+9(N2) ∼= H10j+7(N2) ∼= 0 and H10j+9(N2) ∼= H 10j+7(N2) ∼= 0, which implies that
H 10l−3(N) ∼= H 10l−3(N2) ∼= 0, and thus H10l+3(N) ∼= H10l+3(N2) ∼= H10j+3(N2) ∼= 0 (by the Poincaré duality and
(4.3.1)).
If n = 20l + 10, the proof is an imitation. 
Remark 4.4. In fact, the conclusion in Lemma 4.3 is still true if there is a sequence of compact even-dimensional
totally geodesic embedded submanifolds between N2 and N
N2 = L0 ⊂ L1 ⊂ · · · ⊂ Lh = N,
such that dim(Li) 34 dim(Li+1) + 2 for i = 0, . . . , h − 1. The proof needs to apply the Poincaré duality more times
than the proof of Lemma 4.3.
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